EMBEDDING THEOREMS FOR HARMONIC MULTIFUNCTION 

SPACES ON M"+i 
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Abstract. We introduce and study properties of certain new multi functional 
harmonic spaces in the upper half space. We prove several sharp embedding 
theorems for such multi functional spaces, these results are new even in the 
case of a single function. 



1. Introduction and auxiliary results 

The theory of harmonic function spaces in the single function case is well devel- 
oped by various authors during last decades, see [16], [17], [9]. The main goal of 
this paper is to define, for the first time in the literature, multi functional harmonic 
spaces and to establish some properties of these spaces. The proofs we found and 
provided below are short modifications of proofs in the case of a single function, 
but even in this special case our results are new. We believe these new interesting 
objects can serve as a base for further generalizations and investigations. 

Analytic analogues of theorems on multi functional spaces we obtained below 
were proved in recent papers of the first author |12j . We intend to expand 
these results to more general harmonic function spaces based on several functions 
in higher dimension. Let us note that these topics are new even in the classical case 
of harmonic function spaces on the unit disk. 

We set H = : x e W,t > 0} C M"+i. For z = {x,t) € M we set 

z = {x,—t). We denote the points in H usually hy z = {x,t) or w = {y,s). The 
Lebesgue measure is denoted by dm{z) — dz — dxdt or dm{w) = dw = dyds, the 
Lebesgue measure of a measurable set C EI is often denoted by \E\. We also use 
measures dm\{z) = t^dxdt, A G M. 

The space of all harmonic functions in a domain ft is denoted by h{n). Weighted 
harmonic Bergman spaces on H are defined, for < p < oo and A > —1, by 

A{p,X) = A{p,Xm) = |/ e m) ■■ ll/IU(p,A) = \f{z)\Pdm^{z)^ «)| . 

These spaces are complete metric spaces, for I < p < oo they are Banach spaces. 

For / e h{M) and t > we set Mp{f,t) = ||/(-, i)lkf(R"). < p < oo with the 
usual convention in the case p = oo. We use harmonic mixed norm spaces 

(1) BP;" = |/ e h{m) : ll/r^g., = Ml{f,t)r^"Ht < ooj , 
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where 0<p<oo,0<q<oo and harmonic Triebel-Lizorkin spaces 

(2) FP'^ = |/ e hm : 11/11^,,, - (^j^ \f{x,t)\H'''i-'di^'''\x < ^| , 

where again < p < oo and < g < oo, the case g = cxd is covered by the usual 
convention. These spaces are complete metric spaces and for min(p, q) > 1 they 
are Banach spaces. For details on A{p, A) spaces and more general B^'"' spaces see 
[7]; Triebel-Lizorkin spaces were studied, in the case of analytic functions, by many 
authors, see for example [15]. 

By X-LP Carleson measure (or simply X Carleson measure when p is clear from 
the context) of a (quasi)-normed subspace X of h{n) we understand those positive 
Borel measures on f2 such that 

(3) ( f I/Rm) ^''<C||/|U, fex. 



\Jn J 

Typical cases are = B = G M" : < 1} and f2 = H. In the case 17 is the unit 
disc and X is the analytic Hardy space we have a classical notion of Carleson 
measures on the unit disc. The cases of harmonic spaces can be found, for example, 
in [4] and much earlier in [14j . 

One of the goals of this paper is to find complete descriptions of Carleson mea- 
sures for certain new harmonic function spaces in higher dimension, and also in 
the multi function case, in the latter case some restrictions on the parameters in- 
volved usually appear. We note that recently several new papers appeared where 
embedding theorems for analytic spaces in the unit disk were obtained and where 
the classical expression Jg |/|Pc?/i was modified, generalized or changed to certain 
expressions of G(/, see for example 0, [TH]; see also an earlier paper [5]. In 
these papers descriptions of measures for which G(/, < C'H/H were presented. 
Our sharp embedding theorems 2, 3, 4 and 8 we present below are of this character, 
and the spaces we deal with are defined using the above mentioned idea. On the 
other hand, our theorems 1, 5 and 6 give results modeled after ([3]), but in multi 
functional case. 

We use common convention regarding constants: letter C denotes a constant 
which can change its value from one occurrence to the next one. Given two positive 
quantities A and B, we write A x _B if there are two constants c, C > such that 
cA<B < CA. 

Many of the results of this paper rely on the following three key auxiliary results. 
The first one is a concrete Whitney decomposition into cubes of the upper half space, 
the second one is essentially subharmonic behavior of for harmonic / and for 
< p < oo and the third one describes geometric properties of Whitney cubes. 

Lemma 1 (|16j). There exists a collection {Afe}^-^ of closed cubes in H with sides 
parallel to coordinate axes such that 

r. U^^Afc = H and diamAfe >; dist(Afe,5H). 

2°. The interiors of the cubes A^ are pairwise disjoint. 

3°. If is a cube with the same center as Afe, but enlarged 5/4 times, then 
the collection {A^}^-^ forms a finitely overlapping covering of , i.e. there is 
a constant C = Cn such that XA* < C . 
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Lemma 2 ( 6 ). Let Ak and A^, be the cubes from the previous lemma and let 
i^k, r]k) be the center of Afc. Then, for < p < oo and a > 0, we have 

(4) r;,"^-! max |/(z)r < ^ / t'^P-'\fix,t)\Pdxdt, f e him), k>l. 

Lemma 3 ([16j). Let and A^ are as in the previous lemma, let (^k — (Cfcj^fc) 
be the center of the cube A^. Then we have: 

(5) mA(Afe)x 7,^+1+^ xmA(A*), A G R, 

(6) \w-z\-\Ck-zl weAl zem, 

(7) t^Tjk, (x,i)eA*. 

Since the cubes from the above Lemmata appear quite often in this paper, we 
fix the following notation: A^ and A|; are the cubes from Lemma [U centered at 
Ck = {^k,Vk), k>l. 

We also need the following integral estimate. 

Lemma 4 ( [10] ) . If a > —1 and ji + a < 2j — 1, then 

The following definition introduces certain multi functional spaces that appeared 
in the setting of analytic functions in the unit ball in C" in [T5] . 

Definition 1. Let s > — 1 and p ^ (pi, . . . ,Pm) where < pi < oo. We denote by 
A(p, s, m) the set of all m-tuples (/i, . . . , fm) of functions harmonic in H such that 

(9) (/l,---,/m)A{p-,.,m) = / Y\\fiiz)\PH'dm{z) < CO. 

If Pi = p, i = 1, • ■ • , rn, we write simply A{p, s, m). 

For the first part of the following proposition see [5] , for the second one see [T] . 
Note that the first part gives a simple estimate of the A(p, A, m) norm, while the 
second one gives an estimate of trace in A{p, A) norm. 

Proposition 1. 1°. Let Q < pi < oo, —1 < Si < oo, fi G A{j)i,Si){¥£) for 
i = 1, . . . , m and set A = (m — l){n + 1) + ^i- Then 



(10) (/l,---,/mW,A,™) <Cnil/»llAV 



2°. Let < p < oo and si, . . . , s,„ > —1. Set A = (m — l)(n + 1) + X^JLi ■ Then 

there is a constant C > such that for all f G /i(H'") we have 

(11) 

/ \f{z,...,z)\Pdm\{z) <C ■•• / \f{zi, . . . ,ZmWdmsi{zi) . . .dms^{z,n)- 
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2. Embedding theorems for multi functional spaces of harmonic 

functions 

In this section we give several sharp embedding theorems for multi functional 
spaces of harmonic functions, necessary and sufficient conditions turn out to be 
Carleson-type conditions. 

The following theorem is an analogue for harmonic functions spaces of Theorem 
3 from [IX . 



Theorem 1. Let /i a positive Boreal measure on H. Assume < Pi,qi < oo, 

■vm 1 

on the measure /i are equivalent. 

1°. If fi, i = 1, . . . ,m are functions harmonic in M, then we have 



i ~ 1, ... TO, satisfy q' ~ ^ '^^'^ ^ ^ ^^^^ following two conditions 



„ m m r oo / „ \ 9.-1 1/9. 

(12) / n \mrd^,{z) < c-n E / m^)rt''dz 

2°. The measure fi satisfies a C'arleson type condition: 

(13) M(Afe)<C|Afer(i+*), k>l. 

Proof. Let us assume fi satisfies condition (|13p . Then we have, using Lemma [T] 
and Lemma [2] 

/ l[\f^{z)rd^^{z)^Y. / ni/»(^)i''^^w^E/^(^fc)n«^pi/^i" 



fe=l 
oo m 



^^En/ i/^Mr^^t^"^- 



Now one arrives at estimate (jl2p by applying Holder's inequality for sums with 
exponents qi, . . . ,qm- 

Now we assume (fT^ holds. We fix fc G N and choose fi{z) — f{z) — \z — Cfcl^^"- 
Clearly 



-("-i)ii;"iPi 



Therefore (fT2| . combined with Lemma O gives 

z=l fc I ^ I l—l 

and easily follows. □ 

The spaces defined below were considered, in the case of analytic functions on 
the unit ball in C", in [T^. 
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Definition 2. Let < p,q < oo and let fi be a positive Borel measure on H. The 
space Aij), q, m, dfi) is the space of all (/i, . . . , fm) where fi £ h{M) for i = 1, . . . ,m 
such that 

q/p 



(14) • ■ • ' /m)llA(p,g,m,dAi) 



oo / m \ 9/P 

fe=l V^>^ ^=l J 



OO. 



If dfj, = drris, then we write A{p,q,m, s) for the corresponding space, if m = 1 we 
write A{p, q, dp) or A(jp, q, s) if dp = drus ■ 



Lemma 5. Let < s < oo and /3 > —1. Then we have 
(15) 



/ \f{z)\H^dxdt>,Y.r^"^+'+^sup\f\\ feh{m). 

Jm A, 

We omit an easy proof based on Lemma [T] and Lemma [3l 
Theorem 3.1 from [12] served as a model for the fohowing theorem. 

Theorem 2. Let < p,q < oo, < s < q, /3i > —1 for i = 1, . . . ,m and let p he a 
positive Borel measure on H. Then the following conditions are equivalent. 
1°. ///, e A{s,Pi), i = l,...,m, then 

m 

(16) ||(/l, • • ■ , fm,)\\A{p,q,m,dfi) ^^Yl. 1 1 / I U(s,/3i) • 

i=l 

2°. The measure fi satisfies a Carleson type condition: 

A*(Afe) < C77f = , fc>l. 

Proof. Assume 2° holds and choose fi G A{s, /3j), i — 1, . . . , m. Since < s/q < 1 
we have, using Lemma [5] 



||(/l, • ■ • , /m)|| 



(oo / „ m \ * 

(oo m \ ^/^ 

^MAfe)'/^'maxni/»r 
fe=i 1=1 / 

OO 711 

^^En^r'^''T^i/»i^- 

m / oo \ m 

i=i \fe,=i / 1=1 

and we proved implication 2° 1°. 

Conversely, assume 1° holds and choose I E Nq such that s(rt + ^ — 1) > n + /3+l. 
We use, as test functions, functions /^^.z, fc G N where 

(17) = 

see [T] for norm and pointwise estimates related to these functions. In particular 
we have 

(18) ||/a,nU(.,ft) <Cr/~<"-'+'^+'^, k>l, l<z<m 
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and 

(19) > CAi(A,)i/Pr;,:"("+'-^\ 

The last two estimates combined with (PT|) give 2°. □ 

The corresponding result for mixed norm spaces is the following theorem. 

Theorem 3. Let < p,q < oo, < s < q, f3i > —1 for i = 1, . . . ,in, < ti < s 
for i = 1, . . . , m and let fi be a positive Borel measure on H. Then the following 
conditions are equivalent: 

1°- If fi e B^^'p'^^^y ^, i = l,...,m, then 

m 

(20) ||(/i,...,/™)IU(p,9,m,dM) <Cnil/llB-*;,- 

i=l 

2°. // fi G F^^*^^y^, i^l,...,m, then 

m 

(21) II (A,.-.,/™) II <cnii/ii^^-'. • 

4 = 1 

3°. The measure /i satisfies a Carleson type condition: 

fi{Ak) < Crjl^'=' = , fc>l. 
Proof. Since A{s,l3) ~ B'^^'^^^y^, the previous theorem, combined with embed- 

dings B^-^^^y^ ^ ^W+i)/s and ^ ^(T+i)/^' ^^^''^ for < i < s, gives 

implications 3° ^ 1° and 3° ^ 2°. 

Now we assume 2° holds. Let us choose I G Nq such that s(7i-|-/ — 1) > n + (3 + 1. 
Set, for w — {y,(7) E H, /^(z) = f{z) = fw,i{z), i — 1, . . . ,m, see (fTT]) . We have, 
see [1]: 



(22) ||/wIIf=4 



Let us fix a cube A^. Using pointwise estimates from below for functions fw,i, see 
[T], we obtain: 

/.(A,)Vp,,-™("-i+') <c(^|^ |/^,(.)rPd/.(z)y^' 

(23) < C'IK/l, ■ • ■ , /m)|U(p,g,m,dM)' fc>l. 

y^m p(n + l + )3i) 

Now combining ((231), ([221) with w = Cfe and ([21]) gives ^(^fe) < C'^fc 
and 3° follows. 

The implication 1° 3° can be proved using the same test functions f^^i as 
above, relevant estimates of norm of these functions can be found in [T] and 
we leave details to the reader. □ 

For w = (y, s) G H we set Qw to be the cube, with sides parallel to the coordinate 
axis, centered at w with side length equal to s. 

Our next multi functional embedding theorem is motivated by Theorem 3.6 from 
[H], which deals with the case of a single analytic function on the unit ball in C". 
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Theorem 4. Let < p,q < oo and < ai < q, —1 < Ui < oo for i = 1, . . . , m. 

Let ^ be a positive Borel measure on H. Then the following two conditions are 
equivalent: 

1°. For any m-tuple (/i, . . . , /„) of harmonic functions on H we have 

m „ . „ V q/ai 

(24) ii(/i,...,/™)ii^(p,,,,„,,,)<cny^^ \f,iz)rt'^^dzj dw. 



2°. The measure fi satisfies the following Carleson-type condition: 

(25) fi{Ak)<Cf], " , k>l. 

Proof. Let us prove 2° ^ 1° assuming m = 1. Let / £ /i(H), then we have, 
using Lemma [1] Lemma [2] and Lemma [3j 

°° / r \q/p °° / \ q/p 

fc=i ^-'^f' ^ k=\ ^ 

oo 

= ^niaxl/I^T^fc 



fc=i 



q/cr 



fe=i V-^^j 

We continue this estimation, using Lemma [5] and Lemma [31 and obtain 



(26) <CY.j^\j \Ii^)Vs''d^) t-'^-'dzr^l 



n+l 



<C J (^J \f{w)\''s°'du?j dz, 



arriving at (j24p for to = 1. Note that at (pS)) we used Holder's inequahty and at 
the last step we used finite overlapping property of the cubes . 

Now we assume 1°, and again we restrict ourselves to the case m — 1. Let us 
choose / € No such that q{n —l + l)> q{n +l + a)/a- + n+l. Let us fix a cube Afc 
centered at ^fc = (Cfej%)- We use a construction from [1], where interested reader 
can find more details. Namely, there are constants c > and S > such that for 
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all G H we have 

(27) \T^\=c\Q^l T^^{z^Q.^:\Uj{z)\>c\z-w\-^-''-^+'^}. 

Next, using a compactness argument, one shows that for = (j/, s) e H there are 
points Wj — {yj,Sj) & M, 1 < j < N, such that Sj >; s and Qw — ^jLiTwj n Qw 
Here N depends only on n and /. We apply this argument to w = Cfc, it easily 
follows that there is 9k ~ {uk,Vk) G H such that fJ,{Te^ f) Afc) > N^^ii{Ak) and 
^ Vk- Now we choose / — fg^^i as a test function. We have 



>([ \f{z)\^dp.{z)\'' >( [ \f{z)\^d^,{z) 
>CM(AfcnreJ''/^'«r^"-^+') 

(28) >CAi(A,),7r("-^+". 

On the other hand, using Lemma |3] and Lemma IH we have 



q/p 



This estimate, combined with (1^51) and (IMl) (with m = 1), gives desired estimate 
(Hi]) for TO = 1. 

The general case m > 1 can be proved along the same lines, multiple sums as 
in the proof of Theorem [5] appear. Since no new ideas are involved we can leave 
details to the interested reader. □ 

As a preparation for our next result we state and prove the following lemma. 

Lemma 6. Let a>— l,0<r<oo. Then there is a constant C such that for any 
measurable function u{z) > on HI we have 

(29) ^k^^i^j ^i'Admaiz)^ <cj (^J u{z)dma{z)^ dw, k > 1. 

Proof. Let us denote the left hand side by La and the right hand side, without 
constant C, by Da- Since La x Vk^Q and Da >i Vk^o it suffices to consider the 
special case a 0. Let denote the cube centered at w = (y, s) 6 H, with side 
length equal 4s/5. Then we have A^ = U^iQwi for suitable wi, . . . , wn G A^ where 
N depends only on n. Therefore (|29)) reduces to the following estimate: 

(30) 7]'^+^ (^j^ u{z)dm{z)^ <C J (^j u{z)dm{z)^ dw, w £ A^ 

Now we fix w g A^,. Clearly, u{z)dm{z) < u{z)dm{z) whenever g^, C Qw, 
and the estimate ([30l) follows from the simple observation, based on the sizes of 
and Qyj, that 

\Ek\>crjl+\ Ek = {w^Al:qw^Qw}- □ 
In the following theorem we allow for different exponents pi. 
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Theorem 5. Let < pi,ai < oo, —1 < a; < cxd for i ~ l,...,m. Let fi be a 
positive Borel measure on H. Then the following two conditions are equivalent: 
1°. For any m-tuple (/i, . . . , /,„) of harmonic functions on H we have 

(31) l[\mrd^^iz)<Cl[ ( |/,(z)r'dm„.(z)) dw. 
2°. The measure fi satisfies the following Carleson-type condition: 

(32) Ml^fe) < C-q^ , k>l. 



Proof. Let us assume (|3T|) holds. We choose I € N such that 

Pi{n — l + ^)>n+l + —{n + 1 + a;) i = 1, . . . , m. 

We fix a cube and take as test functions fi = f = fek,ii * = 1, . . . ,m, where 
Ok — {uk,Vk) is chosen as in Theorem HI Then we have, using Lemma IH 



-(n-l+OE"lP 
'Ik 



~ m „ 771 

fiiAk) <c n \f,{z)rdfi{z) < c / n \mrdfi{z) 

™ r / r \Pi/o-i 



m(«+i)+s:" 1 '''-'"t^+°'' -(«-i+o s,-^, 

r»("+i)+Er=i "-'"t"''"'' -("-1+0 1 p. 



which gives ([32]) . Conversely, we assume now ([32]) . Using finite overlapping prop- 
erty of we obtain 

n [j^ |/.(z)r'dm„.(z)j " du; > J^, [j^ |/.(z)r-dm„.(z)j " dw 

and we have also an obvious estimate 

■m m 

n mz)rdfi{z) < fi{Ak) n max \f,{z)r 



^ l — l 7—1 



Pi(n + 1 + Qi) 

n 



<C^k M max |/,(z)|f'. 



i=l 

Therefore it suffices to prove, for each fc > 1 and 1 < i < to: 

rill + i + f / /■ \Pi/'^. 

77, max|/,(z)r <C7 / / |/,(z)r'dm„^(z) dw. 
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However, for fc > 1 and I < i < m, using Lemma [2] and Lemma [6] we obtain: 

Pi 

^^„+l-,M:i±i±iO ^^^^^^^^^ ^ ^^^^^^ / r i^^^^^i^^^^^^^^^^A ' 



<C J^^ l^J^ \f{z)rdmM] dw 

and the proof is completed. □ 

The following theorem is motivated by Theorem A from |13| . It gives a very 
general and flexible method of obtaining multi functional results starting from a 
uniform estimate for a single function. 

Theorem 6. Let fi be a positive Borel measure on an open proper subset G of 
M" and let {Xi,\\ ■ \\xi) be a (quasi) -normed space of functions harmonic in G, 
I < i < k. Let d{x) ~ dist(a::, 9G), x E G and < qi < oo, —1 < l3i < oo for 
? = 1, . . . , fc. Assume 

(33) sup|/,(x)r-d(x)^- <C||/,||^., /, eX„ i^2,...,k 



and 



(34) / \f^{xW^d^^{x)<C\\f^rl, 

Jo 



fi e Xi. 



Then 



(35) / n mxw^d{xf^+-+f^^df,{x) < cf[m%, /, e X,. 

''^1=1 1=1 

We refer the reader for the proof by induction to [13j , where arguments readily 
extend to the present situation. We also note that the above theorem can be 
extended to weights more general than d{x), however it is precisely the case of d{x) 
where uniform estimates of type (|33p are available. For example, if G = H, then 

d{z) = t and we have an estimate 

|/(z)rd(z)"+i+" < G||/||^(p^„), / G A{p, a), z G H. 
Therefore, taking dfi(z) — f^^dxdt we obtain the following corollary. 

Corollary 1. // < pi < oo, — 1 < Si < oo, fi G A^pi, Si)(H) for z = 1, . . . , m and 

a> —1, then 

^ m m 

(36) / n |/.(z)r*t("+i)("-i)+^"- ^^dz < Gj] 

Using embedding Sg-'' B^'^, < q < p < oo, see [7], we deduce another 
corollary. 

Corollary 2. If < qi < Pi < oo, — 1 < < oo and fi G B^^ '^' for 1 < i < m, 

then 

^ m m 

(37) / ni/^(^)i''*^"^""'^''^'^^'''''"'^^^^nii/^iis---.- 
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Let V'^f denote the Riesz potential of / G h{M) with respect to t variable. Using 
estimate 

(38) / \f{z)\Pt"P-^dz <C [ \V^f{z)\PeP'^+^Pdz = n^,pM)^ f e h{m) 



which is valid forO<p<oo, a,/3>0, see Theorem 7 from we obtain the 
following corollary. 

Corollary 3. Let < Si,pi < oo and fi £ A{pi, Si) for i = 1, . . . , m. Then we have 

•^^1=1 i=i 

Similar assertions can be obtained easily also in the unit ball B. 
Let H'P{M), 1 < p < oo, stand for the harmonic Hardy space on the open unit 
baU. 

Proposition 2. Let fi e i/P'(B) where 1 < pi < oo for i — 1, . . . ,m. Then we 
have 

„ m m 

(40) i[\fM)rMOi^-r)^^-'^-<ci[\\f,rj^,^. 

Similarly, if fi G H^^ (H) where 1 < pi < oo for i — 1, . . . ,m then we have 

(41) / ni/^(^'^)i'^^^^^""'^"^^nii/^iis^.- 

•^R" j=i ,=1 
The proof is by induction on to, using estimate 

(42) l/(^)r(l-k|)" <C||/||?,„ feHPiB), 
and an analogous one for the case of the upper half space. 

Lemma 7. Let /3 > and 1 < p < oo. Then the operator S defined by 

f ( \^^^ 

(43) Sg{z)= =7^] g(w)dmi3n-i{w), z G H, 

is bounded on iP(H, (iTO/3„_i). 

For a similar result for analytic functions in the unit ball see |19| . 

Proof. We use Schur's test, see [19] for statement and applications to related 
problems. Let 1/p+l/g = 1 and set h{z) = t^, where A will be subject to additional 
conditions. Using Lemma |4] we obtain 

(44) / 1 -2- s^'^dmp^_,iw)<Ct^^, 



provided — /3n < Aq < /3n + n. Similarly we have 

(45) yj___j ^Ap^TO,„_l(«;)<CT^^ 

provided —n — 2j3n < Ap < 0. Clearly, a parameter A satisfying all the inequalities 
exists, it suffices to choose max(— {—n — 2l3n)/p) < A < 0. Schur's test implies 
that S is bounded on LP{M,dmfin-i) for aU 1 < p < oo. □ 

The following result was proved for analytic functions in [12, (Theorem 3.3). 
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Theorem 7. Let < p < q < oo, a > and let ^ be a positive Borel measure on 
H. Then the following two conditions are equivalent: 
1°. 



(46) 
2°. 

(47) 



l+aq 



\z — Wp" 

no 



dfi{z) dmaqn-l{w) < OO. 



11% 



Proof. Let us prove implication 1° ^ 2°. We have 



oo > 



■\2n 



l+aq 



dp.{z) dmaqn^l{w) 



> 



A, Vl^-li'P" 



1+ag 



d/i(z) dniaqn-liw) 



Afc VJAfc VI^-U'P" 



dii{z) 



dm, 



aqn— 1 



fc=i 

where in the first estimate we used Lemma [T] and in last one we used Lemma [3l 

Next we prove 2° r. Assume / : H ^> M is subharmonic. Then is also 

subharmonic and we have, using Lemma [U 

/ \fiz)\d^i{z) - V / \f{z)\d^iiz) < V sup |/(z)|M(Afc) 



k=l ■ 



vli 



XAfc). 



Note that g/p and qj {q—p) are a pair of conjugate exponents, hence an application 
of Holder's inequality gives 



(48) 



\f{z)\dfi{z) < C\\f\\L,/p^Tsi.dm^,„^,) 



E'^fc 
.fc=l 



q — p 



Note that here we used finite overlapping property of the family A^. . Let us choose 
g e L9/P(H, dm 

aqn— 1 ), g>0, and set 

l+aq 



f{z) = {Sg){z) 



g{w)s°"'"'-^dw. 



Since, for any fixed w G H, the function — wp" is subharmonic it easily follows 
that / is subharmonic. Moreover, the operator S is bounded on L''/P{'E.,dmaqn-i) 
by LemmaH i.e. \\Sg\\Lq/p(^M,dni^q„.,) < C|l5llL9/p(H,dm„,„_i)- 
Now we apply (|48|) to / = S{g) and obtain 
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1+aq 



g(w)s"''"~^dwdfi{z) 



<C\\9\ 



L9/p(H,dma,„_i) 



E 

LA;=1 



Since the last estimate is true for any non negative g G L'^/^(H, dmaqn-i), 1° follows 
by duality. □ 

An application of the above theorem to d^{z) — \ f{z)\'^~Pdma{z) gives a char- 
acterization of A{p, q, a) spaces for < p < g < oo, a > —1, see [l2] . 

Set rfe = 2-^ h = [vk+urk) and Hk = M" x h for k e Z. 

Definition 3. Let fi be a positive Borel measure on H and let < p,q < oo. We 

define the space K^{fi) as ttie space o/ / G h,{M) such that 

q/p 



(49) 



E 

fc— — oo 



\fiz)fd^,{z) 



< oo. 



The spaces KP{^) are harmonic Herz type spaces, related classes of spaces ap- 
peared in literature, for example in 10;. Clearly these spaces include weighted 
Bergman spaces: KP{rns) — A{p, s), < p < oo, s > —1. 

Note that the K'P{fi) (quasi) normof / is the norm of the sequence \\f\\Lp{Hk,dti)^ 
— oo < < oo. Therefore we have: 



(50) 



Theorem 8. Let a > —1, < p < q < oo and let fi be a positive Borel measure on 
H. Then the following two conditions are equivalent. 
1°. A{p,a)^KP{n). 

2°. The measure fi satisfies the following Carleson type condition: 



< 91 < 92 < oo. 



(51) 



/x(A,) 



J >1- 



Proof. Sufficiency, for p — q, is proved in [T], and the general case follows from 
the embedding ([50]) . 

Now we prove necessity, i.e. we assume 1° holds. We choose I G No such that 
p{n — 1 + I) > a + n + 1. Let us fix a cube Aj and choose fc G Z such that 
m{Hk n Aj) > |Aj|/2. We use a test function / = f,;.j: 

\ q/p 



> 



\fc^,i{z)\Pdfi{z) 



> C 



M(A,)r;-''("-i+') 



q/p 



CM(A,)9/fr,7«("-i+'). 



(52) 

Next we estimate ^(p, a)-norm of /^.; using Lemma |4l 

f f t^dz 

(53) " ' " ' • - " ' 



AiP.c.)= / \U.iiz)n''dz<C 



< Cii 



a+n+l— p(n — 1+/) 



/H |Z-Cj|P("~^+'' 

Combining our assumption WJWk^^^) < C||/m(p_Q) with (|52|) and ([53]) gives 2°. □ 
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Remark 1. Sharp embedding theorems of the spaces K^{pL) into i?^'' and KP{fi) 
into PP''^ with some restriction on the indexes are also true and they follow from 
Theorem \^ and here our arguments repeat arguments of proof of Theorem 3 which 
was obtained from linear case (Theorem 2) and appropriate embedding results for 
BP'i and F^'t spaces. 
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